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a b s t r a c t
The energy E(G) of a graph G is the sum of the absolute values of the eigenvalues of G. An
n-vertex graph G is said to be hypoenergetic if E(G) < n. In Gutman et al. (2008) [14] the
authors conjectured that there exist n-vertex hypoenergetic trees with maximum degree
∆ = 4 for any n ≡ 2 mod 4, n > 2. In this paper we confirm this conjecture.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
LetG be a simple undirected graph on n vertices, and letλ1, λ2, . . . , λn be its eigenvalues [1], that is, the eigenvalues of the
adjacency matrix of G. The energy E(G) of a graph G is defined as E(G) =∑ni=1 |λi| [2]. This quantity has a clear connection
to chemical problems [3–6] and has recently been much investigated (see [7–12] and the references cited therein).
It was proposed [13] that the (connected) graphs whose energy is less than the number of vertices be referred to as
‘‘hypoenergetic’’. In [14], it was shown that if n ≥ 5, and n ≡ 0, 1 or 3mod 4, then there exists a hypoenergetic tree of order
nwith∆ = 4; and the authors conjectured that there exist n-vertex hypoenergetic trees with maximum degree∆ = 4 for
any n ≡ 2mod 4, n > 2. For other recent results on finding hypoenergetic graphs, see [15–17]. In this paper we confirm
this conjecture.
2. Main results
Let T denote a tree, let n be the number of its vertices, and let∆ be the maximum degree of a vertex of T . In what follows
we assume that∆ = 4 and n ≥ 6. The nullity (=multiplicity of zero in the spectrum) of T will be denoted by n0.
For any graph Gwith n vertices andm edges, the McClelland upper bound for energy is E(G) ≤ √2mn [18]. If the nullity
of G is n0, then a simple improvement of this bound is E(G) ≤ √2m(n− n0) [19], which for trees becomes
E(G) ≤ √2(n− 1)(n− n0). (1)
Equality in (1) is attained if and only if T is the n-vertex star. Since∆ = 4 and n ≥ 6, the inequality in (1) is strict.
A labeled ternary tree containing the labels 1 to n with root 1, branches leading to nodes labeled 2, 3, 4, branches from
these leading to 5, 6, 7 and 8, 9, 10 respectively, and so on, is called a complete ternary tree [20]. Let CTTn denote the complete
ternary tree of order n; the tree CTT21 is shown in Fig. 1. LetWk be the tree of order 4k as shown in Fig. 2.
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Fig. 1. CTT21 .
Fig. 2. Wk .
Lemma 2.1. If k ≥ 1, then the 4k-vertex tree Wk is hypoenergetic tree with maximum degree∆ = 4.
Proof. It is easy to see the size of maximum matchings in Wk is k. So the characteristic polynomial of Wk, φ(Wk, x) has
the form φ(Wk, x) = x2k(x2k − a1x2k−2 + a2x2k−4 − · · · + (−1)kak), where ai, i = 1, 2, . . . , k is nonnegative integer
and ak > 0. Which implies the nullity of Wk is n0 = 2k. Then by Eq. (1), we obtain, E(Wk) ≤ √2(n− 1)(n− n0) =√
2(4k− 1)(4k− 2k) < 4k. 
Lemma 2.2 ([21]). If e is an edge of the graph G, then E(G) ≤ E(G − {e}) + 2, with equality if and only if e is an isolated edge
of G.
Theorem 2.1. There exist n-vertex hypoenergetic trees with maximum degree∆ = 4 for any n ≡ 2mod 4, n > 2.
Proof. If 6 ≤ n ≤ 10, then there exist n-vertex hypoenergetic trees with maximum degree ∆ = 4 [1]. If 11 ≤ n ≤ 70,
by checking with the aid of the system newGRAPH (available at ‘‘http://mac.softpedia.com/progDownload/newGRAPH-
Download-25026.html’’), the tree CTTn is a hypoenergetic tree. Moreover, the spectrum of CTT70 is {2.9275, 2.6574, 2.4839,
(
√
6)2, 2.0590, (
√
3)9, 1.4462, 1.2011, 0.6511, (0)34, −2.9275, −2.6574, −2.4839, (−√6)2, −2.0590, (−√3)9, −1.4462,
−1.2011, −0.6511} (the first 3 decimal places are accurate), where (a)r denotes the multiplicity of a is r . Then we have
E(CCT70) < 68.
If n ≥ 74 and n ≡ 2mod 4, note that n−70 ≡ 0mod 4, let T = CTT70+{e}+W n−70
4
, where CTT70 attached to e through a
pendent vertex,W n−70
4
attached to the other end vertex of the edge e through the vertex of degree 3 or a pendent vertex, so
that T is an n-vertex tree with∆ = 4. By Lemmas 2.1 and 2.2, we have E(T ) < E(T −{e})+2 < 68+ (n−70)+2 = n. 
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